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The ﬁnite deformation version of the higher-order gradient crystal plasticity model proposed by the
authors is applied to solve plane strain boundary value problems, in order to obtain an understanding
of the effect of the higher-order boundary conditions. Numerical solutions are carried out for uniaxial
plane strain compression of a single crystal block and for uniform pure bending of a single crystal foil.
The compressed block has loading surfaces that are penetrable or impenetrable to dislocations. This
allows for a study of the two types of higher-order boundaries available, and a signiﬁcant effect of
higher-order boundary conditions on the overall deformation mode of the block is observed. The bent foil
has free surfaces through which dislocations can go out of the material, and we observe a strong size-
dependent mechanical response resulting from the surface condition assumed.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Size-dependent mechanical behavior is found for metals at the
micron or submicron scales. In constitutive models this has been
associated with plastic strain gradients, which correspond to den-
sities of geometrically necessary dislocations (GNDs) (Ashby,
1970; Fleck et al., 1994). One idea on how to model length scale
effects is to construct a plastic strain-gradient-dependent work
hardening law (Acharya and Bassani, 2000; Ohashi, 2005). An-
other approach is higher-order extensions of conventional plastic-
ity models, e.g. in crystal plasticity (Gurtin, 2002, 2008; Borg,
2007; Yeﬁmov et al., 2004; Evers et al., 2004; Arsenlis et al.,
2004; Bayley et al., 2006), which include unconventional high-
er-order boundary conditions.
Higher-order gradient crystal plasticity theories can be sub-
classiﬁed into work-conjugate and non-work-conjugate types
(Kuroda and Tvergaard, 2008a). In the work-conjugate type (Gur-
tin, 2002, 2008; Borg, 2007), higher-order stresses work-conju-
gate to slip gradients exist in addition to the standard stress,
but in the non-work-conjugate type of theories such higher-order
quantities do not appear (Yeﬁmov et al., 2004; Evers et al., 2004;
Arsenlis et al., 2004; Bayley et al., 2006). It has been shown by
Kuroda and Tvergaard (2006, 2008a), in a small strain context,
that there is some similarity and equivalency between the two
types of theories, although they have different theoretical back-
grounds and mathematical representations. Dependent on anll rights reserved.
: +81 238 26 3205.
uroda).expression for the back stress in terms of the GNDs, the two types
of theories are in some cases consistent. These considerations
were recently extended to ﬁnite deformations (Kuroda and Tverg-
aard, 2008b).
In the present paper, the ﬁnite deformation version of the high-
er-order gradient crystal plasticity model (Kuroda and Tvergaard,
2008b) is applied to solve plane strain boundary value problems,
in order to obtain an understanding of the effect of the higher-or-
der boundary conditions. Numerical solutions are carried out for
uniaxial plane strain compression of a single crystal block and for
uniform pure bending of a single crystal foil. In the compression
problem, two types of higher-order boundary conditions on the
loading surfaces are considered. One type assumes that disloca-
tions must stop moving at the loading surfaces, i.e. there is no ﬂow
of dislocations through the loading surfaces. The other type as-
sumes no constraint on the dislocation movement at the loading
surfaces. A signiﬁcant effect of the higher-order boundary condi-
tions on the overall deformation mode of the compressed block
is observed. In the bending problem, the foil has free surfaces
through which dislocations can go out of the material, and we ob-
serve a strong size-dependent mechanical response resulting from
the surface condition assumed.
2. Higher-order gradient crystal plasticity theory accounting for
microscopic boundary conditions
The present gradient crystal plasticity theory incorporating ﬁ-
nite deformation effects is the one proposed by Kuroda and Tverg-
aard (2008b). It is brieﬂy introduced below.
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The kinematics of single crystal (Peirce et al., 1983; Asaro and
Needleman, 1985) is based on the Kröner–Lee decomposition
(Kröner, 1960; Lee, 1969) of the deformation gradient F,
F ¼ @x=@X ¼ Fe  Fp; det Fp ¼ 1; det F  J ¼ det Fe; ð1Þ
where X and x denote the material points in the undeformed (refer-
ence) and the deformed conﬁgurations, respectively, Fe involves
small elastic stretches and rigid body rotations of the lattice, Fp rep-
resents plastic deformations due to dislocation motions, J is the ra-
tio of the current volume to the reference volume, and it is assumed
that all the volumetric changes result from elastic stretches in the
lattice. Based on Eq. (1), the velocity gradient L is decomposed as
gradv  L ¼ _F  F1 ¼ Le þ Fe  Lp  Fe1
Le ¼ _Fe  Fe1; Lp ¼ _Fp  Fp1
)
; ð2Þ
where v is the velocity of the material point, ‘grad’ denotes the spa-
tial gradients1 with respect to the coordinates x in the deformed
conﬁguration, the superscript 1 denotes the tensor inverse, and a
superposed dot denotes the material-time derivative. The plastic
ﬂow rate Lp is presumed to be given by the superposition of crystal-
lographic slips, such that
Lp ¼
X
a
mðaÞsðaÞ mðaÞ; ð3Þ
where m(a) are slip rates2 on the individual slip systems, s(a) andm(a)
denote the constant slip-direction and slip-plane normal unit vectors,
respectively, attached to the lattice space that resides in the interme-
diate conﬁguration (Gurtin, 2006, 2008). Substituting Eq. (3) into
(2)1 gives
L ¼ Le þ
X
a
mðaÞðFe  sðaÞ mðaÞ  Fe1Þ
¼ Le þ
X
a
mðaÞsðaÞ  mðaÞ ð4Þ
with
sðaÞ ¼ Fe  sðaÞ; mðaÞ ¼mðaÞ  Fe1 ¼ FeT mðaÞ: ð5Þ
Here, sðaÞ and mðaÞ are viewed as s(a) and m(a), respectively, pushed
forward from the lattice space to the deformed conﬁguration, and
the superscript T denotes the transpose of a tensor.3 The rate of
deformation tensor D, which is the symmetric part of L, and the con-
tinuum spin W being the anti-symmetric part of L are written as
D ¼ De þ
X
a
mðaÞPðaÞ; W ¼We þ
X
a
mðaÞWðaÞ ð6Þ
with
PðaÞ ¼ 12 ðsðaÞ  mðaÞ þ mðaÞ  sðaÞÞ
WðaÞ ¼ 12 ðsðaÞ  mðaÞ  mðaÞ  sðaÞÞ
)
: ð7Þ2.2. Geometrically necessary dislocations
Within the ﬁnite deformation kinematics, several different
expressions have been proposed for the Burgers (geometric dislo-
cation) tensor or the GND densities (Acharya and Bassani, 2000;
Cermelli and Gurtin, 2001; Arsenlis et al., 2004; Evers et al.,
2004). In the present model, we adopt Gurtin’s (2006, 2008) deﬁni-1 gradv  v  r, where r  o/oxjej with ej being the Cartesian bases.
2 The notation _cðaÞ is commonly used for the slip rate. The slip rate may not be a
material-time derivative of a well-deﬁned total quantity in ﬁnite deformations
(Gurtin, 2006, 2008). We avoid using ‘dot’ here.
3 We write (Fe1)T = FeT.tion of the GND densities that are given by the following evolution
equations
_qðaÞGðeÞ ¼ 
1
b
gradmðaÞ  sðaÞ; ð8Þ
_qðaÞGðsÞ ¼ 
1
b
gradmðaÞ  pðaÞ; ð9Þ
where b is the magnitude of the Burgers vector, pðaÞ ¼ Fe  pðaÞ;
pðaÞ ¼ sðaÞ mðaÞ and qðaÞGðeÞ and qðaÞGðsÞ are the edge and screw GND
densities on the individual slip systems in the lattice space.
2.3. Constitutive relations
Deﬁning the Kirchhoff stress s = Jrwith the Cauchy stress r, we
adopt the following constitutive relation in terms of the material
Jaumann rate of s formed on axes that spin with the lattice (Asaro
and Needleman, 1985):
se
r
¼ _sWe  sþ s We ¼ C : De ¼ C : D
X
a
mðaÞPðaÞ
 !
; ð10Þ
where C is a fourth-order elasticity tensor. This relation can be writ-
ten in terms of the standard Jaumann rate of the Cauchy stress r
r
with respect to the continuum spin W,
r
r ¼ _rW  rþ r W ¼ J1C : D
X
a
mðaÞðJ1C
: PðaÞ þWðaÞ  r r WðaÞÞ  ðtrLÞr: ð11Þ
In the conventional theory of crystal plasticity, the magnitude of the
resolved shear stress
sðaÞ  sðaÞ  r  mðaÞ ð12Þ
determines the slip rate. At the micron scale, however, back (inter-
nal) stresses resulting from the GND distribution cannot be ne-
glected (Groma et al., 2003; Evers et al., 2004). Thus, the
following slip rate relation is assumed:
mðaÞ ¼ m0 sgnðsðaÞ  sðaÞb Þ
sðaÞ  sðaÞb
 
gðaÞ
0
@
1
A
1=m
; ð13Þ
where sðaÞb is the back stress on a slip system a, g
(a)(> 0) is the slip
resistance, m0 is the reference slip rate, andm is a slip rate sensitivity
parameter. The evolution law for g(a) is assumed to be
_gðaÞ ¼
X
b
hðabÞ mðbÞ
 ; gðaÞt¼0 ¼ s0; ð14Þ
where h(ab) are slip hardening moduli, s0 is the initial value of g(a),
and t is time.
According to the classical elastic solution for the stress ﬁeld
caused by an isolated dislocation (e.g. Cottrell, 1952), the internal
stress at a material point, which is caused by uniformly distributed
GNDs around that point, completely cancels out. Thus, the back
stresses should arise in response to spatial gradients of the GND
densities (Groma et al., 2003; Evers et al., 2004; Bayley et al.,
2006; Geers et al., 2007; Kuroda and Tvergaard, 2006, 2008a,b).
In the present application, we use the following simple back stress
relation
sðaÞb ¼ bs0L2 grad qðaÞGðeÞ  sðaÞ þ grad qðaÞGðsÞ  pðaÞ
h i
; ð15Þ
where L is a length scale parameter, qðaÞGðeÞ  J1qðaÞGðeÞ and
qðaÞGðsÞ  J1qðaÞGðsÞ. In the present study, only the constant length scale
is adopted. The physical interpretation of the material length scale
is still an open question. It is noted that Groma et al. (2003) and
Geers et al. (2007) have discussed variable length scales set by
the current dislocation densities. Furthermore, the back stress with
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Fig. 1. Compression problem of a single crystal block under plane strain conditions:
(a) shear-free boundary condition; (b) shear-constrained boundary condition.
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istic for actual materials. It is the ﬁrst choice to investigate the fun-
damental nature of the present gradient theory.
2.4. Governing equations and numerical implementation
The incremental virtual work principle for an updated Lagrang-
ian formulation (McMeeking and Rice, 1975) takes the formZ
v
_PT : dLdv ¼
Z
st
_^t  dvds; ð16Þ
where _P is the nominal stress rate deﬁned at the deformed conﬁg-
uration, _^t denotes a nominal prescribed traction rate on the surface
st, the under-bar (_) indicates that the value of the quantity is pre-
scribed, v is the volume (region) of the deformed body, dv is an arbi-
trary virtual velocity satisfying dv = 0 on su (s = st + su), and dL is the
corresponding virtual velocity gradient. The relationship between
the nominal stress rate and Cauchy stress rate is given by
_P ¼ _r L  rþ ðtrLÞr: ð17Þ
The differential equations for GND density evolution (i.e. Eqs.
(8) and (9)) play a role of additional governing equations in the
present theory. The weak form of the differential Eq. (8) takes
the formZ
v
q
_
_qðaÞGðeÞdv ¼
1
b
Z
v
grad q
_ sðaÞmðaÞdv þ 1
b
Z
v
q
_
divsðaÞmðaÞ dv
 1
b
Z
s
q
_
n  sðaÞmðaÞ ds; ð18Þ
where ‘div’ denotes the divergence with respect to x in the de-
formed conﬁguration, q
_
is an arbitrary weighting function and n
is the unit vector normal to the surface of the deformed body. The
same arguments are applied to the relations for the screw GND den-
sity rates in Eq. (9), replacing sðaÞ by pðaÞ, although in numerical
computations of two-dimensional problems presented in the subse-
quent section only the edge-type GND densities are considered.
In the present theory, the standard incremental virtual work
principle, Eq. (16), and the GND density rate relations for the slip
systems, Eq. (18), are the governing equations to be solved simul-
taneously. It is noted that all these equations are valid independent
of constitutive modeling, but they are indeed connected by the
constitutive relations involving the GND densities.
Finite element equations are derived based on the relations (16)
and (18). The edge GND density rates are chosen as additional de-
grees of freedom of each node. The details of the ﬁnite element
procedure have been given in Kuroda and Tvergaard (2008b), and
they are not repeated here. Four-node plane strain isoparametric
elements are employed for all computations performed in the pres-
ent paper. The selectively reduced integration scheme is used in
the velocity ﬁeld analyses based on Eq. (16): i.e. a four point inte-
gration is done for the deviatoric part of the constitutive relation,
and a single point integration is done for the volumetric part.
The standard full integration scheme is adopted for the GND den-
sity rate ﬁeld analyses based on Eq. (18).
2.5. Microscopic boundary conditions
Using the surface integration term in Eq. (18), we can specify
the amount of slip rate in the boundary normal directions. Here
we consider a microscopic boundary condition at an interface
being impenetrable to dislocations as n  sðaÞmðaÞ ¼ 0 (as well as
n  pðaÞmðaÞ ¼ 0 if we also consider the screw dislocations), which
means that there is no ﬂow of dislocations through the interface.
Alternatively, we can specify values of the GND density on a
surface. The null GND density condition represented by qðaÞGðeÞ ¼ 0(and qðaÞGðsÞ ¼ 0 if we also consider the screw dislocations) is a spe-
cial case. Henceforth we call this condition a ‘micro-free’ condition.
In this case, no constraint on slip rates at the surface is postulated,
i.e. dislocations can freely go out of the domain without any con-
straint and there is no necessity for the GNDs to exist there. It is
interesting to look at a microscopic boundary condition assumed
in other gradient crystal plasticity theories (Gurtin, 2008; Borg,
2007). As discussed in detail in Kuroda and Tvergaard (2008a,b),
dependent on the expression for the back stress in terms of the
GNDs, the present theory is in some cases consistent with the gra-
dient crystal plasticity framework proposed by Gurtin (2008), in
which existence of higher-order microscopic stresses work-conju-
gate to slip rate gradients is assumed. In Gurtin’s theory, a zero mi-
cro-traction on a surface is assumed to give a micro-free condition,
i.e. nðaÞ  n ¼ 0 , as an extended concept of the traction boundary
condition, where n(a) are the microscopic stresses that are func-
tions of the GND densities. Thus, within Gurtin’s theory (2008),
the GND-free condition, qðaÞGðeÞ ¼ 0 (and qðaÞGðsÞ ¼ 0 if we take into ac-
count the GNDs of the screw character), is naturally interpreted as
the micro-free condition, unless the corresponding slip system is
directed to a special orientation (sðaÞ  n ¼ 0; pðaÞ  n ¼ 0 or
mðaÞ  n ¼ 0Þ. Borg (2007) independently proposed a gradient
crystal plasticity theory that has a structure similar to the Gurtin
theory (2008) as an extension to Fleck-Hutchinson theory (2001),
and used a micro-free condition that agrees with Gurtin’s
condition.3. Problem formulations
We consider two illustrative problems in which the microscopic
boundary conditions play a central role: i.e. compression of a single
crystal block and pure bending of a single crystal foil under plane
strain conditions.3.1. Compression of a single crystal block
For the compression problem, we assume either shear-free con-
dition (Fig. 1a)
X1
X2
L0
H0
s(1)m(1)
s(2)
m(2)
φ1 φ2
a
θ
θ/2θ/2
O
ri
ro
M M
b
Fig. 2. Pure bending problem of a single crystal foil with inﬁnite length in the X1-
direction: (a) initial conﬁguration; (b) deformed conﬁguration.
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v1 ¼ _U; _^t2 ¼ 0 along X1 ¼ L0
_^t1 ¼ _^t2 ¼ 0 along X2 ¼ 0;W0
9>=
>;; ð19Þ
or shear-constrained condition (Fig. 1b)
v1 ¼ 0; v2 ¼ 0 along X1 ¼ 0
v1 ¼ _U; v2 ¼ 0 along X1 ¼ L0
_^t1 ¼ _^t2 ¼ 0 along X2 ¼ 0;W0
9>=
>;; ð20Þ
at the loading surfaces, where _U is a prescribed end-displacement
rate. The symmetric double slip (/1 = /2) or single slip is assumed
as shown in Fig. 1. In the case of the double slip model, _U is taken
as 2m0 cos/1 sin/1L0 , while in the case of the single slip model
it is given as m0 cos/1 sin/1L0. A nominal compressive strain is de-
ﬁned by U=L0.
In addition to the standard displacement/traction boundary
conditions, we consider the following two cases of microscopic
boundary conditions:
n  sðaÞmðaÞ ¼ 0 along X1 ¼ 0; L0
qðaÞGðeÞ ¼ 0 along X2 ¼ 0;W0
)
; ð21Þ
or
qðaÞGðeÞ ¼ 0 along X1 ¼ 0; L0 and X2 ¼ 0;W0: ð22Þ
The former assumes that dislocations must stop moving at the load-
ing surfaces, i.e. the loading surfaces are assumed to be impenetra-
ble to dislocations. In the latter, the micro-free condition at the
loading surfaces is applied instead. In both the cases, the remaining
traction-free surfaces are assumed to be micro-free.3.2. Uniform pure bending of a single crystal foil
A foil with a thickness H0 and an inﬁnite length is subjected to
uniform pure bending under plane strain conditions. Taking an
arbitrary periodic length L0, the pure bending deformation is real-
ized by rotating the edges of the unit cell through an angle h rela-
tive to each other (Kuroda and Tvergaard, 2007), as shown in Fig. 2.
Plane strain conditions are assumed throughout the deformation
history. Taking the points, about which the vertical edges X1 = L0
and X1 = 0 rotate, to be on the middle line X2 = H0/2, the boundary
conditions on the edges are expressed as
u1 cos  h2
 
 u2 þ X2  H02
 
sin  h
2
 
¼ 0; ð23Þ
t1 sin  h2
 
þ t2 cos  h2
 
¼ 0; ð24Þ
where the plus sign in front of h is for X1 = L0 and the minus sign is
for X1 = 0, ui are the displacement components, and ti are the com-
ponents of the surface traction vector per current area of surface.
The bending moment is given by
M ¼
Z ro
ri
tnrdr on X1 ¼ 0; ð25Þ
where r is a coordinate along the edge X1 = 0, tn is the surface trac-
tion component normal to the edge surface, the ri is the inner radius
and ro is the outer radius of the bent specimen, as shown in Fig. 2.
The symmetric double slip deformation is assumed. The rate of
bending is speciﬁed by _h ¼ m0.
Since the ends of the periodic length L0 have symmetric condi-
tions, the microscopic boundary conditions are set to beqðaÞGðeÞð0;X2Þ ¼ qðaÞGðeÞðL0;X2Þ
qðaÞGðeÞ ¼ 0 on X2 ¼ 0;H0
9=
;: ð26Þ4. Results
4.1. Compression of a single crystal block
The material parameter values are taken to be E/s0 = 2600,
m = 0.3, and h(ab) = 0 (no internal hardening). The block specimen
with an aspect ratio of L0/W0 = 3 is discretized by 60  20 ﬁnite
elements.
Fig. 3 shows deformed conﬁgurations and contours of total slip
c(a) on the slip system 1 at a nominal compressive strain of 0.05 for
a double slip model with /1 = /2 = 60. The total slip is deﬁned by
cðaÞ 
Z t
0
mðaÞdt: ð27Þ
The shear-free condition with an inﬁnitesimal length scale (or a suf-
ﬁciently large size of the specimen), i.e. L = 0, gives a uniform defor-
mation as shown in Fig. 3a, while Fig. 3b depicts a nonuniform
deformation for the shear-constrained condition with L = 0. In these
cases, the microscopic boundary conditions play no role, as the pres-
ent theorywith L = 0 reduces to the corresponding conventional crys-
tal plasticity theory (Peirce et al., 1983). Fig. 3c shows a result for a
length scale of L/W0 = 2 with the shear-free condition and with the
impenetrablemicroscopicboundaryconditionat the loading surfaces
(Eq. (21)). The impenetrable boundary condition demands an elastic
response at the loading surfaces. Consequently, the deformations
near the loading surface become very small. The contours of total slip
become straighter, in comparison to the case of the large specimen
(Fig. 3b), and an almost uniform slip region is seen at the central re-
gion of the specimen. It is noted that the difference between the re-
sults shown in Fig. 3a and c is completely attributed to the
microscopic boundary condition. Fig. 3d shows a result for the
shear-constrained condition with the same material length scale
Fig. 3. Deformed conﬁgurations and contours of slip on slip system 1 for symmetric double slip single crystal blocks with macroscopic boundary conditions schematically
illustrated at a nominal compressive strain of 0.05. (a) L = 0 with shear-free boundary condition; (b) L = 0 with shear-constrained boundary condition; (c) L/W0 = 2 with shear-
free and impenetrable boundary conditions; (d) L/W0 = 2 with shear-constrained and impenetrable boundary conditions; (e) L/W0 = 2 with shear-constrained and micro-free
boundary conditions.
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deformation mode very similar to the shear-free case (Fig. 3c) has
been predicted. A result for the shear-constrained macroscopic con-
dition with themicro-free condition at the loading surfaces is shown
in Fig. 3e. Although the distribution of the slip seems to be similar tothose for the impenetrable microscopic condition (Fig. 3c and d), a
rather large amount of the slip (greater than 0.03) reach the loading
surface as is seen in the contours shown in Fig. 3e.
Distributions of the GND density and the back stress on slip sys-
tem 1 corresponding to Fig. 3c and d are shown in Fig. 4. In the case
Fig. 4. Deformed conﬁgurations and contours of the GND density and back stress on slip system 1 for symmetric double slip single crystal blocks at a nominal compressive
strain of 0.05: (a) L/W0 = 2 with shear-free and impenetrable boundary conditions; (b) L/W0 = 2 with shear-constrained and impenetrable boundary conditions.
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the GND densities and the back stresses caused by the impenetra-
ble microscopic condition are clearly observed near the loading
surfaces, which realize the elastic response like a rigid-clamp con-
dition. It is noted that if we changed the impenetrable microscopic
condition at the loading surfaces to the GND density-free condition
in the shear-free case (i.e. in Fig. 3c and Fig. 4a), we would observe
a completely uniform deformation like the case of Fig. 3a. The
behavior observed in Figs. 3c and 4a is a typical effect of the micro-
scopic boundary conditions at the loading edges. For the shear-
constrained case (Fig. 4b), the GND densities and the back stresses
only concentrate at the corners of the specimen, in order to prevent
the slip developing there. Indeed, when the micro-free condition is
assumed at the loading surfaces, the plastic slip penetrates the
boundaries as observed in Fig. 3e.Curvesofnominalcompressivestressversusnominalcompressive
strain corresponding to the results shown in Figs. 3 and4 aredepicted
in Fig. 5. The length scale of L/W0 = 2 yields slightly larger nominal
stresses. But, effects of the boundary conditions and the length scales
on the macroscopic stress response are very small in these cases, in
spite of the signiﬁcant differences of the deformation modes.
Fig. 6 shows deformed conﬁgurations and contours of slip for a
single slip with / = 60 at a nominal compressive strain of 0.05.
The shear-free condition is assumed. Fig. 6a corresponds to the con-
ventional crystalplasticity solutionwithno lengthscale (i.e. L = 0). In
the case of the micro-free condition with L/W0 = 2 (Fig. 6b), the slip
penetrates the loading surfaces as seen from the straight contours
that reach the loading surfaces. In the case of the impenetrable con-
ditionwith L/W0 = 2 (Fig. 6c), a distinct shear zone with straight slip
contours is observed. Distributions of the GND density and the back
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Fig. 5. Curves of nominal compressive stress versus nominal compressive strain for
symmetric double slip single crystal blocks with different boundary conditions and
length scales.
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the impenetrable microscopic condition (Fig. 7b), large amounts of
the GND densities and the back stresses, which realize an elastic re-Fig. 6. Deformed conﬁgurations and contours of slip for single slip (/ = 60) single crysta
strain of 0.05: (a) L = 0; (b) L/W0 = 2 with micro-free boundary condition; (c) L/W0 = 2 wsponsealong the loading surfaces, areobserved clearly. Theamounts
of the GND densities and the back stresses in the micro-free case
(Fig. 7a) are much smaller than the impenetrable case (Fig. 7b).
Curves of nominal compressive stress versus nominal compressive
strain corresponding to the results shown in Fig. 6 (and Fig. 7) are
illustrated in Fig. 8. Effects of theboundary conditions and the length
scales on the macroscopic stress response are insigniﬁcant.
Figs. 9–11 show results for a single slip with / = 45 (other con-
ditions are the same as those assumed in Figs. 6–8). The tendencies
are similar to those observed in Figs. 6–8, but narrower and more
pronounced shear zone is observed for the impenetrable micro-
scopic condition (Fig. 9c).
Effects of the length scale are illustrated in Figs. 12 and 13 for
the cases of the single slip with / = 45 and with the shear-free
and impenetrable conditions. Even if the length scale relative to
the specimen size is small (i.e. L/W0 = 0.2), the impenetrable micro-
scopic condition at the loading surfaces has a signiﬁcant effect on
the overall deformation mode as seen in Fig. 12c.
4.2. Uniform pure bending of a single crystal foil
The material parameter values are taken as E/s0 = 4516, m = 0.33,
and h(ab) = 0 (no internal hardening). A double slip model with
/1 = /2 = 60 is employed. As shown in the Section 3.2, the foil sur-
faces are assumed to be micro-free.l blocks with shear-free macroscopic boundary condition at a nominal compressive
ith impenetrable boundary condition.
Fig. 7. Deformed conﬁgurations and contours of the GND density and back stress for single slip (/ = 60) single crystal blocks at a nominal compressive strain of 0.05;
(a) L/W0 = 2 with micro-free boundary condition; (b) L/W0 = 2 with impenetrable boundary condition.
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versus normalized bending angle (hH0/L0) for various values of
the length scale. For the cases of L/H0 = 0 and 1, a columnar align-
ment of 60 elements in the X2-direction was used as the ﬁnite ele-
ment model, while for the cases of L/H0 = 2 and 3, a model with 40
elements was used.4 The microscopic boundary conditions have a4 For relatively small length scales, thin ‘boundary layers’ of the GND density
distribution are produced, which require a ﬁner element discretization. We have
conﬁrmed that an indistinguishable result was obtained even with a 30 elemen
model for the case of L/H0 = 3.tstrong effect on the amounts of the normalized bending moment.
The corresponding normalized GND density distributions at hH0/
L0 = 0.05 are depicted in Fig. 15. The GND density distributions are
not symmetric about the neutral plane of the bent specimens be-
cause of the ﬁnite deformation effects. For larger length scale values
(or smaller specimen sizes), larger gradients and relatively thicker
boundary layers of the GND density distributions are generated near
the free surfaces. This directly causes the size-dependent response
observed in Fig. 14.
It is noted that the small strain theory of Kuroda and Tvergaard
(2008a) has recently been used by Suzuki et al. (2009) in analyses
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Fig. 8. Curves of nominal compressive stress versus nominal compressive strain for
single slip (/ = 60) single crystal blocks with different microscopic boundary
conditions and length scales.
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foils. The GND distributions across the bent specimens found inFig. 9. Deformed conﬁgurations and contours of slip for single slip (/ = 45) single crysta
strain of 0.05: (a) L = 0; (b) L/W0 = 2 with micro-free boundary condition; (b) L/W0 = 2 wthese analyses are similar to those found in the present analyses
(Fig. 15) based on large strain theory.
5. Discussion
In lower-order gradient theories (Acharya and Bassani, 2000;
Ohashi, 2005; Han et al., 2005a,b), it is assumed that the slip gra-
dients or the GND densities only affect the amounts of the slip
hardening moduli h(ab) or the slip resistance g(a). In the present
study, all the lower-order contributions have been excluded to
bring the genuine higher-order effects. It is frequently argued that
the higher-order effects appear only near boundaries and may pro-
duce no signiﬁcant difference of overall deformation modes in
most cases. Based on these anticipations, higher-order terms them-
selves or considerations of higher-order boundary conditions are
often omitted in applications (e.g., Han et al., 2005a,b; Lele and
Anand, 2009).
The compression problem discussed here is a typical example in
which the higher-order effects cannot be neglected to predict the
overall deformation behavior, although they give minor contribu-
tions to the overall stress responses. Meanwhile, in the pure bend-
ing problem, the signiﬁcant size-dependent mechanical response
(increase in normalized bending moment with decreasing foil
thickness) arises from the higher-order effects, although the samel blocks with shear-free macroscopic boundary condition at a nominal compressive
ith impenetrable boundary condition.
Fig. 10. Deformed conﬁgurations and contours of the GND density and back stress for single slip (/ = 45 single crystal blocks at a nominal compressive strain of 0.05; (a) L/
W0 = 2 with micro-free boundary condition; (b) L/W0 = 2 with impenetrable boundary condition.
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specimens.
It is interesting to note that the deformation modes of the single
slip specimens subjected to compression (Figs. 6c and 9c) are sim-
ilar to those of single crystal micro-pillars in compression tests
(Uchic et al., 2004; Dimiduk et al., 2005), which exhibit a distinct
shear zone and a rigid displacement of a non-deformed part of
the specimen including the loading surface. The bottoms of the mi-
cro-pillars in the experiments were attached to substrates that
might be impenetrable to dislocations. The top surfaces of the pil-
lars were pushed by a diamond punch. From the photographs of
the micro-pillars after the compression tests (Uchic et al., 2004;
Dimiduk et al., 2005), no slip line was detected at the loading sur-faces. This suggests that the dislocations never reached the surface
and thus the impenetrable condition might be satisﬁed. In the
experiments, a strong dependence of the initial yield strength on
the diameter of the micro-pillars was observed. Our computational
results (Fig. 13) suggest that the strongly size-dependent initial
yielding might be fundamentally independent of the gradient
and microscopic boundary condition related behavior.
For the pure bending of a single crystal foil, Fig. 15 clearly illus-
trates the applied micro-free boundary conditions at the top and
bottom surfaces, where the GND densities are prescribed to be
zero. The difference between the curves for L/H0 = 3 and L/H0 = 1
indicates that for much smaller values of L/H0 the GND distribution
is going to be completely ﬂat, apart from the reduction near the
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Fig. 11. Curves of nominal compressive stress versus nominal compressive strain
for single slip (/ = 45) single crystal blocks with different microscopic boundary
conditions and length scales.
Fig. 12. Deformed conﬁgurations and contours of slip for single slip (/ = 45) single crystal blocks with shear-free and micro-free boundary conditions at a nominal
compressive strain of 0.05: (a) L/W0 = 1; (b) L/W0 = 0.5; (c) L/W0 = 0.2.
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allowing for the micro-free boundary conditions applied. Also the
bending moment will then be very close to that predicted by the
conventional local theory (L/H0 = 0) as is indicated by the curves
in Fig. 14.
In microbend tests performed on polycrystal foilds with thick-
ness of 10–50 lm (Stölken and Evans, 1998; Suzuki et al., 2009),
an increase in apparent strain-hardening modulus was observed
with decrease in foil thickness. In Suzuki et al. (2009), simulations
of the microbend tests on the polycrystal foils were performed
using the small strain version of the theory (Kuroda and Tvergaard,
2008a). The predicted tendency of the size effect was consistent
with the experimental observation. In the present study, we have
used the ﬁnite strain theory (Kuroda and Tvergaard, 2008b) and
considered single crystal foils without grain boundary effect in or-
der to investigate a fundamental higher-order effect resulting from
micro-free surfaces. The overall tendency of the size effect pre-
dicted in the present study is similar to that predicted by the small
strain theory for polycrystal foils having grain boundaries. Motz
et al. (2005) carried out bending tests for small single crystal can-
tilevers with thickness of 1–8 lm and observed a strong size effect.
Their interpretation for the cause of the size-effect in bending is an
occurrence of a massive pile-up of the dislocations in the inner re-gion of the beam, which was accompanied by dislocations freely
moving out of the material at the free surfaces. The GND density
distributions predicted by the present theory and problem formu-
lation, as seen in Fig. 15, seem to be consistent with their
interpretation.References
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